Abstract. It is shown that any torsion unit of the integral group ring ZG of a finite group G is rationally conjugate to a trivial unit if G = P A with P a normal Sylow p-subgroup of G and A an abelian p -group (thus confirming a conjecture of Zassenhaus for this particular class of groups). The proof is an application of a fundamental result of Weiss. It is also shown that the Zassenhaus conjecture holds for PSL(2, 7), the finite simple group of order 168.
Introduction
There is a long standing conjecture, attributed to Zassenhaus, stating that:
To each torsion unit u of augmentation one in the integral group ring ZG of a finite group G, there exists a group element g ∈ G such that u and g are conjugate in the rational group algebra QG.
As a reference, one can give [37] . Ten years earlier, in 1974, Zassenhaus [48] proved the following theorem, noting that "this result is still far away from the conjectured result . . . ". We write V(RG) for the group of units of augmentation one in a group ring RG.
Theorem 1.1. Let G be a finite group, and let R be an integral domain in which no prime divisor of the group order |G| is a unit. Then the order of any torsion unit u of V(RG) is a divisor of the exponent of G. Moreover, if u = 1 then the regular trace of u (the coefficient of the identity) is zero.
The origins of the theorem are much older, with contributions made by Higman, Berman, Saksonov, Cohn-Livingstone, and Passman. For details, the reader may wish to consult Sandling's discussion [35] of G. Higman's unpublished thesis. (The proof of the second assertion as recorded in [20, Theorem 2.1] , for example, is now considered standard; see also [2, (8.14) ] and [7, Corollary 4.1] for the first statement.) The result is still the best of what can be said in general for a finite group G. An immediate consequence of the second statement is that for abelian G, torsion units in V(RG) are trivial. (It is common to call trivial units among the units of a group ring of G the elements of G, multiplied by units of the coefficient ring.)
If a coefficient ring R as above has characteristic zero, it is called G-adapted. A basic example is Z π , the intersection of the localizations Z (p) with p in a finite set π of primes containing the set π(G) of prime divisors of |G|. We formulate some of our results for the coefficient ring Z (G) = Z π(G) , even though analogous statements also hold for other G-adapted coefficient rings (such as rings of algebraic integers in number fields).
The most general result on the Zassenhaus conjecture is doubtless the following one, due to Weiss [45, 46] (it is also closely related to the names of Roggenkamp and Scott [34] 
): If G is nilpotent and H a finite subgroup of V(ZG), then there is a unit a ∈ (QG)
× such that H a ≤ G. This is expressed by saying that H is rationally conjugate to a subgroup of G. If H is cyclic, then H is even p-adically conjugate to a subgroup of G (i.e., H a ≤ G for some a ∈ (Z p G) × , where Z p denotes the p-adic integers) for all primes p (see [46, Corollary] ). It should be remarked that if G is a p-group rather than an arbitrary nilpotent group, Weiss translated the conjugacy property into a theorem about p-permutation lattices.
In this note we prove, using Weiss' result:
Theorem 1.2. Suppose that the finite group G has a normal Sylow p-subgroup with abelian complement. Then any torsion unit of the group ring Z (G) G is rationally conjugate to a trivial unit.
We briefly review other known results on the Zassenhaus conjecture (for more details see [38] and the recent surveys [39] , [40, Section 8] ).
In most proofs of the following results, representation theory is used to determine, for each complex irreducible representation, the corresponding matrix for the torsion unit in question. Some results are now covered by Theorem 1.2.
The Zassenhaus conjecture is known to hold for:
• Certain metacyclic groups G = A X with A and X cyclic of coprime order (1983: Bhandari, Luthar [22] , 1983: Ritter, Sehgal [30] , 1984: Polcino Milies, Sehgal [29] , 1986: Polcino Milies, Ritter, Sehgal [28] ).
• G = A X, where A is an elementary abelian group and X is an abelian group acting faithfully and irreducibly on A (1986: Sehgal, Weiss [41] ).
• G = A X, where A and X are abelian, |X| = m < p for every prime p dividing |A|, and either m is prime or A is cyclic (1987: Marciniak, Ritter, Sehgal, Weiss [27] ).
• G = A B, where A is cyclic, B is abelian, and A and B are coprime (1990: Luthar, Trama [25] ). Even the so-called third Zassenhaus conjectureconcerning conjugacy for arbitrary finite subgroups -holds for these groups (1994: Valenti [43] ).
• G = A B where A is cyclic and B of prime order (|B| possibly divides |A|) (1998: Luthar, P. Sehgal [24] ).
For some fixed prime p, one might ask whether finite p-subgroups of V(ZG) are rationally conjugate to subgroups of G. This holds, for example, if G is nilpotentby-nilpotent, or if G is solvable with abelian Sylow p-subgroups (1996: Dokuchaev, Juriaans [9] ). The proofs rest on two observations which are reviewed in greater generality in Propositions 2.14 and 4.2 below.
Only for a few particular groups the truth of the Zassenhaus conjecture is verified. This is done for the alternating group A 5 (1989: Luthar, Passi [23] ), the symmetric group S 5 (1991: Luthar, Trama [26] ), and for SL(2, 5) (1997: Dokuchaev, Juriaans, Polcino Milies [10] ). The verification has been completed for all groups of order ≤ 71 (2004: Höfert [15] ) using the Luthar-Passi method [23] . Some problems one faces for small groups are illustrated in Example 3.6, where the Zassenhaus conjecture is verified for the group PSL(2, 7).
Finally, we would like to mention that for a Frobenius group G with Frobenius kernel N , the order of a torsion unit in V(ZG) divides either the order of N or the order of G/N (2000: Dokuchaev, Polcino Milies [19] ). Section 2, containing preliminary results, became somewhat lengthy. That is because we believe it is important to know always as precisely as possible over which coefficient rings conjugacy takes place, even though one is only interested in rational conjugacy for torsion units in ZG, since intermediate steps might depend on such considerations. With this in mind, we have included a more general version of a result of Dokuchaev and Juriaans (Proposition 2.14) which shows -together with Proposition 4.2 -that the aspect of Theorem 1.2 which is really new is that conjugacy also holds for torsion units of mixed order.
We also tried to emphasize module-theoretic aspects. To any torsion unit one may associate a bimodule whose character values are multiples of the partial augmentations of the unit. Then the main idea which underlies this paper is to try to exploit the fact that, roughly speaking, the character of a projective module vanishes on singular elements.
In this way, we obtain in Section 3 new information about the partial augmentations of torsion units of prime power order (Proposition 3.1).
In Section 4, we formulate a consequence of the already mentioned p-permutation group result of Weiss in a way which is suited for our intended application (Proposition 4.2), and finally Theorem 1.2 is proved in Section 5. are conjugate. Let H be a finite group, and set Λ = RG. Two homomorphisms α, β : 
We also would like to mention the following well-known lemma (see [45] ) which shows how results on permutation lattices may come into play when dealing with conjugacy questions (see also Sections 4 and 5).
For a group ring element u = g∈G a g g ∈ RG (all a g ∈ R), we denote by ε(u) its augmentation g∈G a g (sum of coefficients), and by ε x (u) (for x ∈ G) the partial augmentation g∼x a g with respect to the conjugacy class of x (sum running over all conjugates g of x in G). We agree to identify ε x (−) with ε y (−) if x and y are conjugate in G.
For any ring A, we write as usual [A, A] for the additive group generated by all Lie products ab − ba (a, b ∈ A). Obviously, [RG, RG] consists precisely of the elements of RG having vanishing partial augmentations (see [38, (7. 2)]).
We note the following useful formulas (see [36, p. 4] ) which hold for any rational prime p:
Now let R be an integral domain of characteristic zero with quotient field K. 
Next, we recall [27, Theorem 2.5], which we formulate for a more general coefficient ring. A proof is included for convenience of the reader. (ii) For every m dividing the order of u, all partial augmentations of u m but one vanish.
, and that all other partial aug-
Let p be a prime divisor of the order o(u) of u.
Going one prime at a time, we conclude u
, let l ∈ N be coprime to o(u), and let χ be an irreducible character of LG. Then for some Galois automorphism σ of Q(ζ), where ζ is a |G|-th root of unity, we have χ(
, and it follows that
for all x ∈ G and all n ∈ N, so if we let α : g → V(KG) be the inclusion and β : g → V(KG) be defined by gβ = u, then 1 (KG) α and 1 (KG) β afford the same character of K(G × g ) by Lemma 2.4. Being in characteristic zero this means that the modules are isomorphic, whence u and g are conjugate in KG by Lemma 2.1.
2
In this context, we would like to mention the following observation (see [13, 6. 4 Proposition]). Admittedly, as yet it has not found any application. Recall that for irreducible complex characters χ, ψ of G, the product χψ is defined by χψ(g) = χ(g)ψ(g) for all g ∈ G (and linear extension on CG).
Proposition 2.6. Let u ∈ CG \ [CG, CG]. Then all partial augmentations of u but one vanish if and only if χψ(u) = χ(u)ψ(u) for all irreducible characters χ, ψ of G.
The following lemma is the obvious generalization of [38, (41.4) ]. 
Lemma 2.7. Let U be a finite subgroup of V(RG). If there is a group isomorphism
Proof. Let ι : u → V(RG). Then 1 (RG) ι is a projective R(G × u )-lattice since its restriction to a Sylow p-subgroup (which is one of G) is free. Thus, the afforded character of G × u vanishes on every p-singular element (see [8, (32.15) ]) and the lemma follows from Lemma 2.4.
of order a power of a prime r, then ε x (u) = 0 for every element x not contained in a Sylow r-subgroup of G.
We recall [33, Claim 2.16], whose proof relies on Swan's Theorem.
Lemma 2.9. Let R be a discrete valuation ring with residue class field of characteristic p, and let U be a finite p -subgroup of V(RG). If U is conjugate to a subgroup H of G in KG, then U is already conjugate to H in the units of RG.

Proof. Let α : H → V(RG), and let β : H → V(RG) be defined by hβ
β by Lemma 2.1. Since 1 (RG) α and 1 (RG) β are projective R(G × H)-lattices (again the restrictions to a Sylow p-subgroup -which is one of G -are free), Swan's Theorem (see [8, (32.1) ]) implies that these modules are isomorphic, and applying Lemma 2.1 again proves the lemma.
As a corollary, we state the following special case which relies on the fact that genus can also be studied using semilocal rings. We refer the reader to the elementary proof of [38, (41.18) ] which can be modified to give the desired conclusion too.
By Lemma 2.1, we have to show that the modules 1 (Z (G) G) α and 1 (Z (G) G) β are isomorphic, and therefore it suffices to prove isomorphism after tensoring with Z (p) for any prime p (see [8, (31.15) Proof. Let bars denote reduction modulo N . It is enough to verify that if x and y are π -elements of G withx andȳ conjugate inḠ, then x and y are conjugate in G. We may assume thatx =ȳ; then N x = N y , and by the Schur-Zassenhaus Theorem, we may further assume that x = y . But then x = y. 2
Proof. Let bars denote reduction modulo N (so that for m ∈ Z π G,m denotes its image in Z π G/N ). Then the partial augmentation εx(ū), for any u ∈ U and x ∈ G, is the sum of all partial augmentations ε y (u) withȳ conjugate tox inḠ. Note that if u ∈ U and ε x (u) = 0 for some x ∈ G, then x is a π -element by Lemma 2.8.
Together with Lemma 2.13, it follows that for u ∈ U , εx(ū) = ε x (u) for each π -element x of G, and the hypothesis thatŪ is rationally conjugate to a subgroup ofḠ implies (by Lemma 2.5) that ε x (u) = 0 for elements x of exactly one conjugacy class of π -elements of G. Thus, all partial augmentations of u but one vanish.
In particular, ifū = 1 for some u ∈ U , then ε 1 (u) = ε 1 (ū) = 1 and consequently u = 1. Thus,Ū ∼ = U . AsŪ is rationally conjugate to a subgroup ofḠ, there is H ≤ G with H ∼ = U by the Schur-Zassenhaus Theorem, and an isomorphism β : H → U can be chosen such that ε h (hβ) = εh(hβ) = 1 for all h ∈ H.
By Lemma 2.7, β is given by conjugation with a unit of KG, and Corollary 2.11 shows that a conjugating unit may be taken from Z π G. 2
Partial Augmentations of p-Torsion Units
Let p be a prime, and let u be a p-torsion unit in V(ZG) of, say, order p n . By Lemma 2.8, we know that ε x (u) = 0 implies that x is a p-element of G.
There exists an element x of G of order p n with ε x (u) = 0 (according to [38, (7. 3)], a result of Zassenhaus). Furthermore, it is known that for m = n, the sum of all partial augmentations of u with respect to conjugacy classes of elements of order p m is divisible by p (see [7, Theorem 4 .1]).
The following observation extends our knowledge about the partial augmentations of u a little bit. The proof depends on the following well-known fact (which is a special case of a theorem of Chouinard [6] 
. . .
In particular, setting q = p a−1 (then P = g q is the subgroup of order p), we have
Assume that the restriction V P of V to P is projective. Then d − q > 0 (otherwise P would act trivially on V ). Write d − q + 1 = sq + t with non-negative integers s, t and t < q. Set I = {t, t + q, t + 2q, . . . , d − q + 1}, J = {1, 2, . . . , d} \ I, let V I be the vector space spanned by the v i (i ∈ I), and likewise V J be the vector space spanned by the v j (j ∈ J). 
This means that ZS 3 is the subring of Z⊕Z⊕ Z 3Z Z Z which is subject to the indicated congruences. For example, for an element of ZS 3 , the entry in the first component Z has to be congruent modulo 3 to the upper left entry in the 2 × 2-matrix ring component.
The group S 3 may be embedded by setting (1, 2) = 1, −1,
, (1, 2, 3) = 1, 1,
Obviously, u = 1, −1,
is a unit in V(ZS 3 ) of order 2. The projections of (1, 2) and u to the 2-dimensional block are not conjugate in GL 2 (Z 2 ) (as
, so u is not 2-adically conjugate to an element of S 3 . It is also evident that Z 2 S 3 is not a free Z 2 u -lattice (when u acts by right multiplication on
Z2 Z2 , and the 2 × 2-matrix block, as a Z 2 u -lattice, decomposes into lattices of Z 2 -rank one.
Besides, the example shows that even if Z p G consists of a single (principal) block only, a torsion unit of V(ZG) of p-power order need not be p-adically conjugate to an element of G. For S 3 is a complement of the normal Klein's four group in the symmetric group S 4 , giving an embedding Z 2 S 3 → Z 2 S 4 as well as a surjection Z 2 S 4 → Z 2 S 3 , and Z 2 S 4 consists of a single block only. 
. Suppose that G has a single conjugacy class of elements of order two. Then all elements of order two in V(Z π(G) G) are conjugate in the units of QG.
For example, this applies to the simple groups PSL(2, p f ). We further illustrate the use of Proposition 3.1 by means of an example. Example 3.6. Let G = PSL(2, 7), the simple group of order 168. Set π = π(G) = {2, 3, 7}. We will show that each torsion unit in V(Z π G) is rationally conjugate to a trivial unit.
The character table of G is shown in Table 1 . 1a 2a 3a 4a 7a 7b
Irrational entries:
Let u = 1 be a torsion unit in V(Z π G) and let ε 1a , ε 2a , ε 3a , ε 4a , ε 7a and ε 7b be its partial augmentations (so ε 7a , for example, denotes the partial augmentation of u with respect to one of the two conjugacy classes of elements of order 7). Note that ε 1a = 0 by Theorem 1.1, and Lemma 2.8 tells us that certain partial augmentations of u (depending on its order) vanish and that
By Theorem 1.1 and Lemma 2.5, it suffices to show that all partial augmentations of u but one vanish if u has order 2, 4, 3 or 7, and that u cannot have order 14, 21 or 6.
If u is of order 2 then ε 1a = ε 3a = ε 7a = ε 7b = 0. The method introduced by Luthar and Passi [23] is insufficient to prove rational conjugacy to a group element: the possibility of having ε 2a = −1 and ε 4a = 2 cannot be ruled out. (This was already observed by Wagner [44] ; for a recent discussion of the Luthar-Passi method, see [4] .) But this case is covered by Proposition 3.1, which shows that ε 4a = 0.
Let D i be a complex representation affording the character χ i . We write
Suppose that u has order 4. Then ε 1a = ε 3a = ε 7a = ε 7b = 0. As u has augmentation one, ε 2a = 1 − ε 4a . From χ 3a (u) ∈ Z and χ 3a (u 2 ) = −1 (u 2 is rationally conjugate to a group element), it follows that
If u has order 3, then only ε 3a does not vanish. Suppose that u has order 7. Then ε 1a = ε 2a = ε 3a = ε 4a = 0, and ε 7a + ε 7b = 1.
, and since χ 3a (u) is the sum of three roots of unity, it follows that either ε 7a = 0 or ε 7a = 1.
Suppose that u has order 14. Then ε 1a = ε 3a = 0. As χ 7 (u) ∈ Z and χ 7 (u 2 ) = 0, (1, ζ, . . . , ζ 6 ). But then −1 = χ 7 (u 7 ) = ±7, a contradiction. Suppose that u has order 21. Let ξ = e 2πi/3 . The character values χ 3a (u 7 ) and χ 3a (u 3 ) being known, we may assume (replacing u by a suitable power, if necessary)
, a contradiction. Finally, suppose that u has order 6. Then ε 1a = ε 7a = ε 7b = 0. Let ξ = e 2πi/3 . As χ 3a (u) ∈ Z and χ 3a (u 2 ) = 0 (u 2 is rationally conjugate to a group element), we have D 3a (u) ∼ ± diag(ξ, ξ 2 , ±1), and χ 3a (u
Since χ 6 (u 3 ) = 2, one of the following hold:
In the first two cases, it follows that χ 6 (u) = 2 and ε 2a = 1, and in the third case, χ 6 (u) = −4 and ε 2a = −2. If ε 2a = 1, then ε 4a = 2 + ε 2a = 3, ε 3a = 1 − ε 2a − ε 4a = −3 and χ 7 (u) = −ε 2a + ε 3a − ε 4a = −7, contradicting χ 7 (u 2 ) = 1 and χ 7 (1) = 7. Thus, ε 2a = −2, ε 4a = 0 and ε 3a = 3. This case cannot be ruled out by the Luthar-Passi method (as was observed in [44] ): we might have
An ad hoc argument, however, shows that this is not possible. We will focus on the 6-dimensional representation D 6 , using a small piece of information coming from the group ring Z 7 G (we write Z 7 for the 7-adic integers, F 7 for the prime field of characteristic 7, and let bars denote reduction modulo 7).
First, we note that D 6 can be realized over Q, which, of course, is well known. The group G has a subgroup S, isomorphic to the symmetric group of order 24, which is the normalizer in G of a Klein's four group (see [17, II 8.18 Satz]). The right cosets of S in G are S, Sx, . . . , Sx 6 , where x is an element of order 7. Since G has no elements of mixed order, it is easily seen that the alternating group of order 12 in S acts by right multiplication transitively on Sx, . . . , Sx 6 . Hence the action of G on the cosets of S is doubly transitive, and D 6 is the deleted permutation representation. Thus, we can assume that D 6 induces a homomorphism
. Explicitly (though we will not need to know this), we may write
and choose (see [47] ): 
Secondly, we note that for each v ∈ Z 7 G of augmentation one, 1 is an eigenvalue of D 6 (v). This can be read off immediately from the Brauer graph of the principal block of Z 7 G, which has the following description (see [1, p. 123 
It follows that there exists a Z 7 G-lattice L with character χ 6 such that the head ofL is the trivial F 7 Gmodule (see [5] or [8, (20.9) ]), so we can further assume -after a base change -that for each v ∈ Z 7 G of augmentation one, the first column vector of D 6 (v) (a 6 × 6-matrix over F 7 ) is the transpose of (1, 0, . . . , 0). In particular, 1 is an eigenvalue of D 6 (v). This also follows more directly from the fact that D 6 is a deleted permutation representation: If D 6 is chosen to have the above form, then the transpose of (1, 1, . . . , 1) is an eigenvector for the eigenvalue 1 for all
For the unit u in question, we have shown χ 6 (u) = −4. Hence D 6 (u) is rationally -and hence also in GL(6, Z 7 ) (see [8, (32 
But this implies that 1 is not an eigenvalue of D 6 (u), in contradiction to what we noted before. 
We briefly discuss in a special case how this result can be used to obtain information on torsion units. Let N be a normal p-subgroup of G. We assume that R is a Dedekind ring of characteristic zero in which p is not invertible, and that we are given a finite subgroup U of V(RG). We let bars denote reduction modulo N , and assume further thatŪ = 1 (in RḠ = RG/N ).
First, let us show that U is a p-group. Take any p -element u in U . Then ε x (u) = 0 for every p-singular element x ∈ G by Lemma 2.8. Thus, for each pelement x of G, we have ε x (u) = εx(ū) = εx(1) by Lemma 2.13 (same argumentation as in the proof of Proposition 2.14). It follows that ε x (u) = 0 if and only if x = 1, so u = 1 as desired.
Assume that R is a p-adic ring. Let ι : U → V(RG) be the inclusion and set M = 1 (RG) ι . Let P be a Sylow p-subgroup of G. Then M P ×U (the restriction of M to P × U ) is a permutation lattice by Theorem 4.1. Thereby, the normal subgroup in question is the normal subgroup N of G, and M N ∼ = RḠ, with G and U acting by multiplication from left and right, respectively, via the natural map RG → RḠ. Thus, by hypothesis, U acts trivially on M N . In particular, Lemma 2.4 now shows that ε x (u) ≥ 0 for all u ∈ U and x ∈ P . Now assume that R = Z (G) . Then ε x (u) = 0 for some x ∈ G, u ∈ U implies that x is a p-element by Lemma 2.8. We may pass to the coefficient ring Z p , and then M P ×U (as above) being a permutation lattice (over Z p ) shows in combination with Lemma 2.4 
Since the partial augmentations add up to one, it follows for u ∈ U that ε x (u) = 0 only for elements x of exactly one conjugacy class (of p-elements). Next consider the permutation lattice M N ×U . Since U acts trivially on M N , we have M N ×U = i Z p N m i with elements m i ∈ M such that i N m i is a Z p -basis of M , and the elements of N m i are permuted by the action of N × U . Thus, for u ∈ U , there exists a unique n u ∈ N with m 1 u = n u m 1 . It follows that H := {n u | u ∈ U } is a subgroup of G (contained in N ), and that ϕ : U → H, uϕ = n u , is a homomorphism. Suppose that n u = 1 for some u ∈ U . Then Lemma 2.4, applied to the character of the permutation module M N ×U , shows that ε 1 (u) = 0, and therefore u = 1. Thus, ϕ is an isomorphism. Let χ be the character of 1 (RG) ϕ −1 , and let u ∈ U . Then n −1 u m 1 u = m 1 shows that χ((n u , n u )) = 0, i.e., ε uϕ (u) = 0. Altogether, Lemma 2.7 now shows that U and H are conjugate in the units of QG. To summarize:
Then U is rationally conjugate to a subgroup of N .
In particular, we have recovered [38, (41.12) ] (a result which is already implicit in [11] ), where rational conjugacy of U to a subgroup of G is proved in case U ≤ V(ZG) and N is a Sylow p-subgroup of G.
We remark that one cannot expect p-adic conjugacy of U to a subgroup of N , as a simple example [12, Example 4.1] shows. For cyclic U , we go further into this question in the next section (cf. also [46, Corollary] ).
p-Adic Conjugacy of Units
Given a torsion unit u of V(ZG) of p-power order for some prime p, one might ask whether u is p-adically conjugate to a trivial unit, i.e., whether u is conjugate to an element of G in the units of Z p G. Of course, in general the answer will be negative, as Example 3.4 shows. In this section, we show that p-adic conjugacy holds in a special case (Claim 5.4).
We continue the analysis from Section 4 for a cyclic subgroup U = u . Therefore, let R be an integral domain of characteristic zero with quotient field K. Suppose that N G (later on, N will be chosen to be a Sylow p-subgroup), and that a torsion unit u ∈ V(RG) is given which is conjugate to a group element x ∈ N in the units of KG. Let c be a cyclic group with generator c of the same order as u (and x), define homomorphisms α : c → V(RG) and β : c → V(RG) by cα = u and cβ = x, respectively, and write 
We calculate χ α ((y, c)) for y ∈ N with respect to the given basis. For any g ∈ G, we write
is a fixed point for the action of (y, c) on M α if and only if
Let g 1 , . . . , g d be a system of coset representatives of N in G. Then one obtains similarly for y ∈ N :
We set
Let a 1 , . . . , a r be a system of coset representatives of C N (x) in C G (x), and let b 1 , . . . , b s ∈ G be such that the x bj are representatives of the orbits of the action of N on the conjugacy class of x (i.e., the conjugacy class x G is the disjoint union of the x bj N ). We claim that
is a system of coset representatives of N in G. Therefore, we show that T −1 is a system of coset representatives:
for a unique b j and some n ∈ N , so
i n for a certain a i and some n ∈ N , i.e., g ∈ a i b j N .
Henceforth, we will make use of this particular transversal
, so there are index sets I j of cardinality r with n i ∈ x bj N for i ∈ I j , and {1, . . . , d} is the disjoint union of the I j . Now fix some 1 ≤ j ≤ s, and define a homomorphism
as left RG-modules. Suppose that N is a p-group, and that the residue class field k of R has characteristic p. Then N is a Sylow p-subgroup of G as |G : N | ∈ R × , and RG/rad(RG) = kG/N (see [8, (5.26) We will make use of the following fact (cf. Lemma 2.13).
Lemma 5.5. Suppose that the finite group G has a normal Sylow p-subgroup N with abelian complement K, and that we are given x ∈ N and k ∈ K. Then the elements of G whose p-part is conjugate to x and which can be written as nk for some n ∈ N form a single conjugacy class of G.
Proof. Let g 1 , g 2 ∈ G be such elements. Replacing them by conjugates, we may assume that x is the p-part of both of them (since K is abelian), and we can write g 1 = x · n 1 k and g 2 = x · n 2 n 1 k with n 1 , n 2 ∈ N (then n 1 k and n 2 n 1 k are the p -parts of g 1 and g 2 , respectively). Set H = n 1 k, n 2 , and note that x ∈ C G (H). Now K 1 = n 1 k and K 2 = n 2 n 1 k are complements in H for the normal Sylow p-subgroup of H, so there is a p-element h of H with K h 1 = K 2 by the SchurZassenhaus Theorem, and together with (n 1 k) h ∈ N k we conclude (n 1 k) h = n 2 n 1 k and g h 1 = g 2 , as desired.
We are now ready to prove our main theorem. Let ι : v → V(Z p G) denote inclusion, set M = 1 (Z p G) ι , and let χ be the character of Q p M . The restriction of M to G × x is induced from the trivial module Z p for the diagonal subgroup (x, x) . Thus, by Green's Theorem on Zeros of Characters (see [8, (19.27 )]), χ((g, v) ) = 0 for any g ∈ G whose p-part is not conjugate to x. Equivalently, ε g (v) = 0 for such g by Lemma 2.4.
Take any h ∈ G. The partial augmentation εh(v) is the sum of all partial augmentations ε g (v) withḡ =h inḠ (sinceḠ is abelian). By the preceding remark, we need to sum only over conjugacy classes of elements g whose p-part is conjugate to x (andḡ =h, of course). By Lemma 5.5, this sum extends over a single conjugacy class (if any).
Thus, εḡ(v) = ε g (v) for all g ∈ G whose p-part is conjugate to x. By the Berman-Higman result, ε k (v) = 0 for exactly one k ∈Ḡ. Applying Lemma 5.5 again, we see that all partial augmentations of v but one vanish. Note that the same also holds for its conjugate u, so the proof is finished.
